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Preliminaries
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e @ We have hands-on experience of only a tiny corner of

gravity
. @ So we cannot understand gravitational waves in a similar
B physical way to emag waves — try explaining emag waves
to someone who knows only electrostatics!
@ We have to rely on maths
@ exploit strong parallels with emag

@ Notation:

3
0
x* = (ct,x,y,z) X, xH = qux“ O g
n=0



Maths of wave generation

Gravitational

" @ The emag field is quantified by the Maxwell field tensor

James Binne 0 EX Ey Ez
F}Ll/ — O Bz _B_y
-ditto 0 By
Maths of wave O

generation

@ Half of Maxwell's eqns (eopo = c2):
OuF™ = poj” {Z 2 g v XVB _Ec—sz/ei o]
@ In terms of the emag 4-potential
A= (9/c,AGAy A Fu = 0,A, — 0,A, so
pojy = 0*F, = 010,A, — 0,0"A,
@ In radiation gauge 0"*A, = 0 so
0? 0? 0? 1 92

pojy = DA, where T =—m+ o5+ 55~ G52



Radiation
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James Bine @ O¢ = 0 has a spherical solution

sinfw(t — r/c)]

r

Maths of wave ¢(r7 t) = const X
generation

@ so _
A sinfw(t — r/c)]
r
OAH t—
o O st /Ol ditto/c
r
so E flux (Poynting vector) N = E:—OB ~ %

@ The disturbance detaches from its source and carries
energy to infinity
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@ The emag — GR correspondence:
James Binne

Ay — 8w ‘metric’ : ds? = guvdxHdx”
Fa/j’ — rg,g = %gwj (aag/a’z/ + a/j'goa/ - auga/j')

@ The Christoffel symbol I' is proportional to the gradient of

g
@ It encodes the gravitational field:

GR case

o the eqn of motion of the 4-velocity u for a particle of rest
mass mg & charge q is

du* q
ol I'Zﬁuo‘uﬁ + ?OF“aua

principle of equivalence: 1 = Mgrayitaional/ Minertial

@ Emag wave ripples in A; gravitational wave ripples in g
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@ To get OA = ppj we needed to adopt the radiation gauge

o A gauge condition doesn't change physics but it can
greatly simplify the maths

GR case @ In GR, gauge condition <> choice of coordinates
@ Far from the source the ripples will be small

(~ 1072!1) so we can assume space-time is almost flat.
Then there are coordinate systems in which

lh| <1

B = M+ Py {mw = diag(-~1,1,1,1)



Harmonic coordinates

Gravitational

Waves We narrow our choice of coordinates to harmonic
James Binne coordinates by requiring

gaﬁrﬂﬁ =0

[}

= gaﬁg;w (aagﬁu + a,Bgou/ - 81/ga,6’) =0

Coordimates cf. the radiation gauge condition J,A* =0
@ In this gauge each coordinate satisfies the wave equation:
DX'U‘ g 0

o In flat space Oz = 0 but Or # 0:

@ harmonic coordinates are the extension to curved
spacetime of Cartesian coordinates

@ To first order in h < 1 the harmonic gauge condition is

20,h% — 9,h =0
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@ From I we construct the curvature tensor

Rl,s = 0Tl — 0l +T5,T0, — T3,

avf

v~ v~

~ curl of grav. force T ~ hso O(h?)

Einstein

. . _ pp
S etitE @ Define Ricci tensor R,g = Raub’

@ Then Einstein field equations are

8rG
Rup — %Rﬁga,ﬁ = _—7CT4 ap <— E-p tensor

Similar to 9, F* = pgj”



Tickling spacetime
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Waves @ To first order in h

James Binne
Reg = 3 (0a0h) — 0,(03hs + 0ahf) + Ohyg)

@ In the harmonic gauge 20, h5 — 0, hS = 0 this simplifies to
Ras =30hys = Ry =30m

@ The field equations are now

8rG
1 1 A
35hap = gHMas = —— 5~ Tap

o Taking the trace — Oh} = (167G /c*) T}
167G

(Ta/j' - %T){\na,@>

Closely analogous to A, = poja

:>Dha5:—



Solutions describing waves

Gravitational

Waves @ A plane wave propagating along x will be described by
James Binne ha,B(X _ Ct)

@ Form of h must also satisfy gauge condition. A sufficiently
general such form is

hap =

Wave solutions

o O O o
o O O o
o-uw O© O

o © O

—a

where a(x — ct) and b(x — ct) are arbitrary functions

o Like emag waves, gravitational waves are transverse and
have 2 polarisation states:

a#0,b=0 and a=0,b#0
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Wave solutions

wave's impact

A ring of particle initially stationary in yz plane

@ Hit by wave h = diag(0,0, a, —a)

@ Each particle's 4-velocity u satisfies
dut
o = et e
I'Zﬁ = %?7“” (8ah5y + 85ha,, — 8yhag)

@ For non-vanishing I need:

@ (i) two indices 2 or two 3; (ii) third index 1 or 0
Initially u = (¢, 0,0,0) and throughout Oth cpt dominates
so dominant contribution to rgﬁuauﬁ hasaor 5 =0

(]

(]

Eq for u? dominated by 3, = I'3,
Conclude
du?
dr

(]

~ —?722 (80/722 + Orhgy — 82h02) cu? = —Caohzzu2



The wave's impact
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James Binne

dv, _ _2a

at ot

©

Initially v, = 0 and from above v, = 0 subsequently

©

It follows that y,z are unchanged by wave

©

But distance between diametrically opposed points on
Wave solutions circle does change:

y
D, =2 [ dyvEm=2yVi+a
0

©

Perpendicular diameter changes differently:
D, =2zy/1—a

So coordinates don't change but the particles do move!

(]
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Wave solutions

@ Detect by comparing lengths of perpendicular diameters
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Gravitational waves are an inevitable consequence of

Lorentz covariance

@ Close parallels with emag throughout

@ We find their form by expanding the potential g of the
gravitational field around its field-free form

o |t's vital to proceed in the optimum gauge - harmonic

Conclusions coordinates

@ Perturbation to g satisfies wave eqn with Ep tensor as
source

@ The waves are transverse: squash-and-stretch

@ Detect by comparing lengths of perpendicular rods
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